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1 A new integrable case for the KirchhofF 
equation. 

The Kirchhoff equations (see for example [^) for the motion of a rigid body 
in an ideal fluid read as follows 

where M = {Mi, M2, Ms) and T = (71,72,73) are three dimensional vec- 
tors, and X stands for the vector product. Without loss of generality the 
Hamiltonian H can be taken in the form 

= ^ a, + ^ (7,M, + 7,M,) + J] 7,7,-. (2) 

Apart from H, for arbitrary values of parameters ai,bij,Cij equation (|I]) has 
the following first integrals 

h = 7i + 72 + 7I, = Mi7i + M272 + M373. (3) 
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These integrals are Casimirs for the Poisson structure 

{Mi,Mj} = eijkMk, {Mi,-f,} = eijkjk, {li,lj} = (4) 

on e(3), which corresponds (see 0) to equations (|l|). Therefore for integra- 
bihty of (|T]) we need one additional first integral I3, functionally independent 
of H,h,h. 

There are classical integrable cases found by Kirchhoff , Clebsch and Steklov- 
Lyapunov 0. For all these cases the matrices B = {bij} and C = {cij} are 
diagonal and the Hamiltonian is of the form 

H = aiMf + aaMi + agMf + 2bu M171 + 2622 M272 + 2633 M373+ 
cii7i + C2272 + csstI- 
The Kirchhoff case is described by the relations 

ai = 02, bu = 622, cii = C22. 

For the Clebsch and Steklov-Lyapunov cases the coefficients Oj are arbitrary 
and the remaining parameters satisfy the following conditions 

^11 = ^22 = ^33) 
Cll - C22 _^ C33 - Cii ^ C22 - C33 _ ^ 



and 



as a2 ai 

bn — ^22 _|_ ^33 — bii ^ 622 — ^33 



0.3 0,2 (^1 



(&22-&33)^ (bss-buf {bii-b2-^^ 



Cll — C22 — C33 

(X\ 0/2 ^^3 

respectively. For each of these three cases there exists an additional quadratic 
integral. 

In the paper Q the following Hamiltonian 

H = Ml + M| + 2M| + 2M3 (ci7i + C272) + 2(ciMi + C2M2) 73+ 

(5) 

4(c27i - C172)' - 4(c? + cl) 72 

was considered. It turns out that is in involution with some polyno- 
mial /s of fourth degree with respect to brackets (Q) or, equivalently, the 
corresponding Kirchhoff equations (|l|) possess an additional fourth degree 
integral. 



2 



Obviously, /s is defined up to a quadratic form of Ji, J2, and H. In |Q this 
form has been choosen in such a way that Is depends on a minimal number 
of new variables. These variables 

a^i = M3 - Ci7i - C272, X2 = Ml + Ci73, = M2 + C273, 

(6) 

= 3 (c27i - C172), = M3 + 2ci7i + 2c272, 2:6 = 73 

are very useful for all computations related to the Hamiltonian @. 

In terms of these variables the additional integral for the Kirchhoff equa- 
tions with the Hamiltonian (^) has the form 

h = xlP + Q\ (7) 

where 

P = {c\ + cj) xl + {C2X2 - €1X3)^, Q = C2X2X4 + C1X2X5 - C1X3X4 + C2X3X5. 

It follows from these formulas that I3 does not depend on the variable xq. 
Notice that one of the quadratic integrals becomes specially simple in 
the variables (|): 



H + ^icl + cl) h = lixl + xl + xl + xl + xl) 



Simultaneous linear transformations of M and F with the orthogonal 
matrix of the form 

(cos sin \ 
-sin0 COS0 (8) 
ij 

preserve the form (1) of H while changing the parameters as follows 
Cl = cos Cl — sin (/) C2, C2 = sin ci + cos (/) C2. 

Therefore the only invariant is 5 = Ci + c^. 

The parameter 6 can be normalized by a rescaling of 7i. If (5 7^ 0, we 
can take ci = 1, C2 = 0. In addition, there exists a particular (complex) case 
C2 = ici. Here one can put ci = 1. 

According to a classification theorem (see 0), the Kirchhoff equation 
with Hamiltonian (|^) is the only integrable case with ai = 02 7^ and an 
additional first integral of fourth degree. 

It was noticed by Borisov and Mamaev (see [^]) that the change of vari- 
ables Ji = Ji 

Mi = Mi + ci73, M2 = M2 + C273, M3 = M3 - ci7i - C272, (9) 
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defined by the first three of the variables (P), preserves brackets (§) and 
simphfies the Hamihonian. Namely subtracting 4(cf + C2) h from (^) and 
performing transformation @, we get a new form of the Hamiltonian 

H = Ml + Ml + 2 Ml + 2 (ai7i + 0372) M3 - (a? + a^) (10) 

where we have put ai = 3ci, 02 = 3c2. In the sequel we shall use this more 
elegant form of the Hamiltonian. 

Borisov and Mamaev |^ have observed also that the freedom in the defi- 
nition of /a can be used to bring to a factorized form = kik2. In terms 
of the variables (j^) the factors are given by ki = M3 and 

k2 = {Ml + M| + M|) M3 + 2 (aiMi + a2M2) (M171 + M272) 

+2 (ai7i + 0272) Ml + (ai7i + 0272)^ M3 

-{al + al) (2Mi7i + 2M272 + M373) 73- 

It turns out that both ki = Q and A;2 = are invariant submanifolds. This 
fact follows from the following formulas: 

ki=2 (a27i - 0172) ki, k2 = -2 (0271 - 0172) k2. 

The particular case of + = is simpler than the generic case. For 
this complex Lax representation has been found in 0. For the case 

al + a2 ^ Lax representations have not been found yet. 

2 The corresponding integrable case on so(4). 

Let us consider the standard deformation 

{Mi, Mj} = Eijk Mk, {Mi, 7j} = Eijk -fk, {7i, 7j} = x Eijk M^. (11) 

of bracket (0), where x is an arbitrary parameter. It is well known that if 
X > then (0) defines a Poisson bracket on so(4). The Casimirs of this 
bracket are given by 

Ii = x {Ml + Ml + Ml) + (72 + 72 + 7!) , J2 = Ml 71 + M272 + M373 . (12) 

The main result of the paper consists in the following observation. The 
Hamiltonian (|T0|) possesses a commuting integral of fourth degree J3 = kik2, 
where 

ki = ki, h = k2 + X {a2Mi - aiM2f M^. 
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This integrable deformation of the integrable case from Section 1 has been 
found independently by Sokolov and Borisov-Mamaev. Here we present the 
most elegant form of the deformed additional integral proposed by Borisov 
and Mamaev. 

Note that the dynamical system with Hamiltonian ([T0|) and brackets (|lT]) 
has just two one-parameter families of solutions of the form Mi = Xi t~^, 'ji = 
Yit~^. First of them is defined by 

X3 = F3 = 0, + Yi = 0, 2aiY2 - 202^1 = 1, Xi = 2X2 (aiFi + as^s) • 
For the second family we have 

Xi = ails, X2 = a2l3, X3 = —aiYi — 02^2, 

(1 + a; {al + a^)) (y,^ + Y^ + Y^') = |, 2aiY2 - 2a2Yi = -1. 
For both families the Kowalewski exponents are { — 1, 0, 1, 2, 2, 2}. 



3 Generalizations. 

This Section contains new results concerning possible integrable generaliza- 
tions of the Hamiltonian (p!o|). 

It turns out that extra linear terms can be added to the Hamiltonian (p!0|). 
The most general form of such terms is given by 

H = Mf + M| + 2 M| + 2 (ai7i + 0372) M3 - (a? + aj) 7^+ 

(13) 

ki{M3 + ai7i + 0272) + A;2(ai72 - a27i), 

where ki are arbitrary constants. This Hamiltonian possesses an additional 
first integral of fourth degree on so (4). Historically, the author found first 
that this is true for Hamiltonian (p!3D on e(3) with ki = 0. After that, inde- 
pendently, V.Kuznetsov and A.Tsiganov have informed the author that the 
same Hamiltonian is integrable on so(4). Finally, the term with non-zero ki 
was added by the author very recently. 

Since the explicit expression for the additional integral I4 is rather long. 



we put «! = in the Hamiltonian (|T^) and rewrite it as follows 

H = Ml + Ml + 2 M| + 2 A172M3 - \l 7I + 2A2(M3 + A172) + 2A371, (14) 

where Aj are arbitrary constants. If Ai = A2 = 0, then the Hamiltonian 
reduces just to the famous Kowalewski Hamiltonian. The case Ai = corre- 
sponds to the Kowalewski Hamiltonian with the additional gyrostatic term. 
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For the shortened Hamiltonian (|l^) the additional integral has the form 

h = Ml{Ml + M| + Ml) + A1M3 (^2MiM27i + 2MI72 + 2MI72+ 

A1M37I - 2AiMi7i73 - 2A1M27273 - AiM37|) + 

2A2(m3(M2 + M| + M|) + A1M1M271 + A1MI72 + 2AiM|72+ 

A2M372 - A1M2M373 - A2Mi7i73 - A?M27273) + 
2A3(m27i + M|7i + M1M272 + AiM37i72^ 
A^M| + 2A2A3M371 + 2A1A2A37172 + AfAhi - Ai7i- 
2A2A3M173 - 2A1A2M273 + '^>A>^lll - 2A2 (^A2M3 + A371 + AiA272^ 
x[\lMlMl + 2A?A2M2M3 - 2A1A3M1M2M3+ 
AfAiM^ - XlMl - 2A1A2A3M1M2 - A^Mf). 

To get the integral 1^ on e(3) we can simply put x = in this formula. The 
explicit form of the integral 1^ on so(4) for (|13]) can be easily reconstructed 
with the help of transformation (]^). 

For the next generalization let us consider the the following Hamiltonian 

H = Ml + Ml + 2 M| + 2 (ai7i + 0272) M3 - (a? + 4) 7I + ^(71, 72). (15) 

on e(3). It is not difficult to verify that the corresponding Kirchhoff equations 
possess an additional integral of fourth degree of the form /3 = kik2 + T, 
where T is a cubic polynomial in Mi, M2, M3 with coefficients dependent on 
7i;72 iff 

A2 

F = 2Ai (a27i - ai72) + —===, 

Vll + 72 

where Aj are arbitrary constants. In this case the function T reads as follows 
T = 2a2Ai7i + 2Ai(a272 - aiji) M1M2 - 2aiAi72 M| + 

A2 

V7? + ll 



2a2Ai7i - 2aiAi72 + , ' , ) Ml+ 



(ai7i + 0272) I 2a2Ai7i - 2aiAi72 H , „ I M3 

Ai ( Ai(ai7i + 0272)^ + (ai72 - 0271)— f==== 

V 7i + 72 



Performing the scaling 7^ e^i and redefining the constants Aj, we get 
the following integrable Hamiltonian 

H = Mf + Ml + 2 M| + 2e {a^i + 0272) M3 - e^{al + 4) 7^+ 

A2 (16) 



2Ai (a27i - 0172) + 



The case e = corresponds to a known generalization of the Kowalewski 
Hamiltonian found by H.M. Vehia [Q. 

Very recently A. Tsiganov and the author have found (see [^) the follow- 
ing generalization of the Goryachev-Chaplygin Hamiltonian: 

H = Ml + M| + 4 M| + 2Ai7i + 2A272 + A3M3+ 

(17) 

4(ai7i + 0272) M3 - {al + a|)7|. 

On the fixed level /2 = of the Casimir I2 the Hamiltonian H commutes 
with 

/3 = {Ml + M|) M3 - 2(aiMi + a2M2) M373 + (a? + al) M^^l 
-4A3MI - 4A3(ai7i + 0272) M3 - (AiMi + A2M2) 73 
+(aiAi + a2A2) 7I - 4AiM3 - 2A3(Ai7i + A272). 

If ai = a2 = A3 = 0, then (|^) coincides with the Goryachev-Chaplygin 
Hamiltonian. The integrable case ci = 02 = 0, A3 7^ was found in ([§). 

4 Historical remarks. 

A fourth degree integral for the Kirchhoff equation on e(3) had been found 
by S. A. Chaplygin under the additional assumption that the scalar product 
(M, r) is equal to zero [T0[- The corresponding partially integrable case 
on so(4) was found by O. I. Bogoyavlenski |[TT[| . 

An integrable case on so(4) with an integral of fourth degree was found 



by M.Adler and P. van Moerbeke [12]. A Lax pair for that case has been 



constructed by A. Reyman and M. Semenov-Tian -Shansky ||T3|. The fact 
that A;i = is the invariant relation has been used in ||^ to prove that the 
Kirchhoff equation with Hamiltonian (^ is not linearly equivalent to the 
Adler-van Moerbeke- Reyman-Semenov-tian -Shansky case on so(4). 

R. Liouville |1^| has obtained necessary conditions for the existence of 



algebraic integrals for the Kirchhoff equation with non-diagonal matrix B. 
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In recent investigations of algebraic integrability [|15] it was assumed that 



all matrices A, B, C are diagonal. In [16, O] the matrix A was assumed to 



be defined by the inertial tensor I of a real rigid body: A = and all 
entries to be distinct. The latter restriction has been also imposed in the 
papers ||19|, [l^, devoted to integrability conditions of the equations on so(4). 
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